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Directed last passaage percolation(DLPP)

(n,k)

\4

(1,1) DLPP

o i.i.d. random variables wj at each site (i, ) € Z°. Let u = E[wy], Var(wy) = o°.
Admissible paths: T(n, k)= the set of “up/right” paths from (1,1) to (n, k).

Last time: T(n, k) = i
ast passage time: T(n, k) weMink ('% "
1) s

Related models: Corner growth, TASEP, - --
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Expectation of DLPP

Some expectation consequences of these integrable models:

i E[T(nl,n)

= a(%). (1)

Theorem (Rost, 1981)

For wj ~ Exp(1),
a() = (14 3P

Theorem (Johansson, 2000)
For P(w; = k) = (1 —q)g", k€N, 0<gqg<l,

_ 9@+ +2Vey
1—gq '

a(v)
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Limiting distribution of the solvable DLPP

Theorem (Johansson, 2000)

For geometric, exponential DLPP, we have that

T(Iynl, n) = a(y)n o
W — FTW, n — +o0.

o For P(wj = k) =(1—q)¢", k€N, 0<g<]1,

1/6

b(7) = = gyare (V3 VA V)

4/3
o Exp(1) : b(y) = (1217\/[2);
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Young diagram

Definition

A partition is a sequence A = (A1, A2, - - - ) of non-increasing integers satisfying

A1 > Ao > -+ such that [A\| = A1 + X2 + - - - is finite. The number of non-zero numbers
i is called the length of .

A partition can be depicted by Young diagram. These are arrays of left justified unit
boxes, the i/ th row of which has \; boxes.

The set of all partitions is denoted by Y. The set of all partitions of length at most N is
denoted by Y.

Example

The partition A = (4,3,1,1---) has the Young diagram with |A| = 9. We also have
AeEYsCYs5C -
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Schur plynoimials

Definition
To each X\ € Yy, we associate the Schur polynomial defined by

sa(x: xn) = det[’ﬂ'kﬁN_i]QIj:l . det[xjA'”“"’—"]l!?lj:1
g ®°% g - - =

detlxg' Y IT Gi—x)

1<i<j<N

Theorem (Combinatorial definition of Schur polynomials)

For A € Yy,
N

(K _Ak=1)
SA(X17"' 7XN): Z HXLA [=Ix |

D=2 <A@ <... AN =) k=1

where AW € Y.

For A € Yy and p € Yn—1, we say that A and p interlace, denoted by pu <X A, if
)\,‘+1 §u,~§>\,-forall ].SI'S N-—1.
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Schur plynoimials

Definition
A semistandard Young tableau of shape A and rank N is a filling of the boxes of the
Young diagram A\ with numbers 1,--- | N such that the numbers along a row increase

weakly and the numbers along a column increase strictly. Let dx(N) is the number of
semistandard Young tableaux of shape A and rank M.

Proposition

For A € Yy, we have that

Ni—AN+j—i
j T J
dr(N) =sx(1,---,1) = I I —=
X i< 7
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Robinson-Schensted-Knuth correspondence

Definition
Let M«(M, N) be the set of M x N matrices A = (Aj) with A;j € Zy and 37, A = k.
Let M(Mv N) = UkMiiO(Ma N)

Theorem (RSK: Robinson-Schensted-Knuth correspondence)

There is a bijection, denoted by RSK, between M(M, N) and the pair of semistandard
Young tableaux (P, Q) such that

@ P and Q have the same shape A with |\| = k.
@ P has rank M.
e Q@ has rank N.

Furthermore,
At =G(A):=max > Ay

(ij)Em
where the maximum is taken over all up/right “path” from (1,1) to (M, N),
7= { (i, ji)p N1} satisfying

(i17j1) = (070)7 (iM+N17jM+N1) = (M7 N)7 (ik+17jk+1)(ik».jk) € {(17 0)7 (07 1)} .
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Robinson-Schensted-Knuth correspondence

Example

We consider the matrix
1 2 0 1
A=|[0 2 1 0
1 1 0 0

Then G(A) = 6, and A is equivalent to the two line array
3 3
1 2

1111 2 2 2
1 2 2 4 2 2 3
The matrix A is mapped to the semistandard Young tableaux (P, Q):
po [ [2l2] [Tel2l4] MZPIZIZI MZ\ZMZIBI
e [ CLId CIeeded I;JM*MZI MW'I*MZI
P [1]a]2]2]2]3] [1]1]2]2]2]z2]
12 123
L4] L4]
Q@  [aJa[a]J2]2] [[e]11]2]2]
121 HE
L2 L2
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Distribution of T(m, n) in the geometric DLPP

Theorem

For any m>n > 1,

]P’(T(m,n)gx):zin Z A 2H<h +m—n)qh;

0<h;<x+n—1

where Z, , is the normalization constant
hi+m—n\
m—zAmH( )o
hezn

and A,(h) is a Vandermonde determinant

INCEN | L

1<i<j<n

()

®3)

Proof idea: Matrix A in RSK <— Young tableaux(P, Q) +— sx(1,---,1).
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Meixner polynomials

Let K= m — n+1,m = [yn]. Define the measure " on Z, by

x+K—-1\
,uK(x):( )q, XE€ Ly

X

Rewrite (2) as

P(Timm) <x)=—— 3 aub? T () (@)
Zm,n i=1

M o< hi<xtn—1

Define the probability measure 9, , on Z by

> ST An(hy H 1" (hy) (5)

™ hezn he A

Qm,n(A) -
Then

P(T(m,n) < x) = /H(1 L .00) (1)) Qm,n(d)

:1+Z% > det[Kn(hi, b7

heZk ,hi>n+x

Yuxuan Zong (USTC) Limiting distribution of the geometric DLPP May 10, 2023 12/22



Meixner polynomials

Definition
Let{M/‘(x) : j € Z} denote the polynomials that are orthonormal under the weights
p(x):

S MEGOMEIRR() = 61, ij € Zs

XEZy

and have positive leading coefficient x; > 0 : M(x) = X' + - - - which called Meixner
polynomials.

Define Meixner kernel

n—1

y) =D MM (" ("2 (1) 2. (6)

i=0

The polynomials MJK(X) are multiples of the standard Meixner polynomials

M) = E i, ™
where
dﬁ,: n!(n+K—1)! . (8)

(1-g)fq"(K—-1)!
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Meixner polynomials

Proposition

For x € R and n € Z, we have the formula

mi() = (~1)"n! Y @ (‘j_‘f) q Q)

and the leading coefficient in xX(x) is (q;ql)" and consequently

1 /1-q\"
n=—(——1] . 10
T, ( q ) (10)
The generating function is

> Zmi=(1-2) a-g7 (1)

q

for x € R and complex z such that |z| < g.
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Christoffel-Darboux formula

By the Christoffel-Darboux formula , for x # y in Z,

1 MEG)ME — ME(y)MK
Kn(x,y) = Kn—1 n (X)Mn_1(y) n (Y)Mn_1(x) HK(X)I/QuK(y)1/2
Kn X—y
_ —q ) mnK(X)m§—1(}/) - mrc(()/)m:(—l(x)MK(X)l/QMK(y)l/Q
(1-a)d_, X—Yy ’
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Fredholm determinant

x

P(T(m,n) <x) =1+ (_kll) > det[Kn(hi, b))} (14)

k=1 © heZk hi>nix

Let b > 0 be a constant and assume that p, — 0o as n — oo along positive integers and
assume p, = o(n). Suppose furthermore that K, : N x N — R, n > 1, satisfies the
following properties:
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Lemma

(i) Let My > 0 be a given constant. For all n > 1,7 > —Mj, there is a constant C such
that

> " Kn(bn + pa + m, bn+ por + m) < C. (15)
1

(ii) Given € > 0, there is an L > 0 so that

[ee]

> " Kn(bn+ pal + m, bn+ poL + m) < & (16)
m=1

for all n > 1.

(iii) Let Mo > 0 be a given constant. If A(&,n) is the Airy kernel defined by (??), then
Jim_paKn(bn + pag, bn + pon) = A&, 1) (17)

uniformly for &, 1 € [— Mo, Mo].
(iv) The matrix (Kn(xi, x;))7j=1 is positive definite for any x;, x; € [0, 00), k > 1.
Then, for each fixed t € R,

= (-1
nll>n<:o Z ( k|) Z det[K,,(bn + pnt + h,‘, bn + pPnt + hj)]ﬁj:l = FTw(t), (18)
k=0 heNk
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Asymptotics for the Meixner Kernel

Lemma

The Meixner kernel satisfies the properties (i) to (iv) in the above Lemma with b = a()
and p, = b(y)n'/3, where a(7), b(7y) are given by Theorem.

Combining (14) and (18) , we obtain the result.

Yuxuan Zong (USTC) Limiting distribution of the geometric DLPP May 10, 2023 17 /22



Overview

© Limiting distribution of T(m, n) in the exponential DLPP

Limiting distribution of the geometric DLPP May 10, 2023 18/22



From geometric r.v. to exponential r.v.

Lemma

If random variables {X,} are geometric with parameter 1/n, then the distribution of X,/n

converges to Exp(1).

Proof.
Note that

lim P(& >x) = lim (1—1> =e * for xeR.
n—o00 n n—o00 n

To prevent notation confusion, we let variables M/U be independent exponentially
distributed with mean 1 and the last passage time

T'(m,n) = max Z Wi

mw€&N(m,n) (ien
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Distribution of T(m, n) in the exponential DLPP

Theorem

For any m>n > 1,

P(T (m,n) < x) = Aq(h)? H A" "e " "idh (19)

Z;T'»"' [0,x]"

where Z;, , is the normalization constant.

Proof.

o % s fI(77) (-0

0<hi<[Lx]+n—1

L(m+1)n

hi—h L by T [ hi+ k
=i o > I (" LJ) 11e beb TT (25

0<hi<[LxX]+n—11<i<j<n

1 2 - m—n_—h; 17
= An(h h; idh.
Zinn Jjo,x (h) U roe
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Laguerre kernels

We let m = [yn] and

4/3
c=(1+7), (1+}é;) .

Then by Theorem 4.1,
1

B(T (o], n) < en-+ pn/Px) = —

[yn],n

where o, = (v — 1)n. this equals the Fredholm determinant

e _ 1)k
I I G G e
k=0 . X, 00

K3 (x, y) = Kn-1 LO)R_1(y) = (M) h-1(x) \/XW

Kn X—y
is the Laguerre kernel, and

where

n|

1/2
B0 = (i) DL = w4
are the normalized associated Laguerre polynomials,

/Ia X) Iy (X)x* e dx = dm,n-
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Laguerre kernels

In fact, L;(x) has an explicit formula:

‘ —1)* n « k
L2(%) (kll) ( + )x (21)

By Cauchy integral formula,

X —XZ _n+o
LE(x) = — /idz (22)

T 2mxi Jo (z— 1)+

where C is a circle surrounding z= 1. From asymptotic formulas for these polynomials it
follows that
lim K" (cn+ pn*®xi, cn + pn'/®x) = A(x;, x;). (23)

n— o0

This can be proved in the same way as the corresponding results for Meixner polynomials.
Using (20), (23) and some estimates we obtain

%) 1)k .
lim P(T'([yn],n) < cn+ pn'/*x) = Z ( lj) / det[A(hi, h)]Fjmadh = Fru(x).
n—oo —0 ! [X,Oo)k
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Thank you!
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